ABSTRACT
INTRODUCTION
The onset of convection in a porous layer heated from below is the porous version of the Benard problem in clear fluids. A critical review of the state of the art in this area of research was done by Rees (2000) .
In the following, we restrict our literature survey only to those articles dealing with the onset of convection in horizontal porous layers saturated with Newtonian fluids. Various themes and combined effects were studied in the literature pertaining to the above-mentioned problem. The effect of a moving thermal wave on Benard convection in a horizontal saturated porous layer was analyzed by Mamou et al. (1996) . They considered a sinusoidal temperature distribution as a moving wave, superposed on the hot temperature of the lower plate. The imposed wavelength of that distribution was equal to the wavelength of incipient Benard cells. Using numerical techniques, the authors found that the resulting convection pattern travels with the boundary forcing or travels more slowly. The same configuration was analyzed by Banu and Rees (2001) , but in the frame of a weak nonlinear stability analysis. They found different patterns of the induced flow in the low and high Rayleigh number regimes.
An analytical investigation using the linear stability theory of the effects of quadratic drag and throughflow on double diffusive convection in a horizontal porous layer was performed by Shivakumara and Nanjundappa (2006) . These authors utilized a RayleighRitz method to find conditions for the occurrence of stationary and oscillatory convection. Another combi-nation of effects can be found in Khalili et al. (2002) : they looked for the effects of throughflow and internal heat generation on convective instability in an anisotropic porous layer.
The effect of inertia on the onset of convection in a porous layer heated from below was analyzed in a few articles. Delache et al. (2002) reported results on the pattern formation of mixed convection in such a porous layer confined laterally. Mixed convection in a horizontal porous layer means that there is an overall horizontal fluid motion caused by an externally imposed pressure gradient, a situation considered for the first time by Prats (1967) , in the absence of inertia. Rees (1996) looked for the effect of inertia on the stability of convection in a porous layer heated from below by performing a third-order analysis and assuming that inertia effects are weak. In a subsequent article by Rees (1997) , a linear stability analysis was performed to determine how the presence of fluid inertia and a mean applied horizontal pressure gradient modifies the Darcy criterion for the onset of convection in a porous Benard problem.
On the other hand, in a porous medium, the volume-averaged temperatures of the solid and fluid phases are generally different from one another, and this is termed as local thermal nonequilibrium (LTNE). Basic information on the LTNE in porous medium convection can be found in Rees and Pop (2005) . Banu and Rees (2002) were able to find how the onset criterion for convection in a horizontal fluid layer is affected by thermal nonequilibrium conditions by adopting a two-equation model for the separate modeling of the solid and fluid phase temperature fields in the fluid-saturated porous medium. Furthermore, Postelnicu and Rees (2003) extended the work of Banu and Rees (2002) by including the boundary effects as modeled by the Brinkman terms. They included also the form drag, but it was shown that these terms have no effect on stability criteria since the basic state whose stability is being analyzed was one of no flow. Malashetty et al. (2005a) performed an analytical study on the stability of a horizontal anisotropic porous layer heated from below and cooled from above in thermal nonequilibrium conditions using a Darcy model. In another article by Malashetty et al. (2005b) , the Lapwood-Brinkmann model was used for the momentum equation, and a two-field model was used for the energy equation (for the fluid and solid phases). Among the conclusions of this study, we note here that although the inertia term is included in the general formulation, it does not affect the stability condition since the basic state is motionless.
The practical importance of the inertia effects is associated with the flows through porous media at high velocity, and this may occur in chemical engineering, petroleum engineering, or hydrology (see, e.g., Fourar et al., 2005) . Additionally, introduction of LTNE effects makes the approach more realistic, as explained above. It is the purpose of the present article to consider the combined effects of inertia (as modeled by quadratic Forchheimer terms) and a horizontal mean flow, in the condition of thermal nonequilibrium between fluid and solid phases. As in previously cited articles, we choose a two-field model energy equation for the fluid and solid phases. The aim of our study is to find how the critical Rayleigh number and wave number are modified by these combined effects. This topic was not addressed in the open literature, to the author's best knowledge.
ANALYSIS
We consider an isotropic porous layer saturated with an incompressible Newtonian fluid. The porous layer has the depth d, and the coordinates x and y are taken along the lower surface of the porous layer and normal to it, respectively. The lower surface of the layer is being held at a temperature T h , while the upper one is held at T c (< T h ).
Under Boussinesq's approximation, and neglecting viscous dissipative heat, the governing equations in dimensionless form are the equation of mass conservation, equations of momentum, and equations of energy for the fluid and solid phases:
where q is the fluid flux speed, given by
Other dimensionless parameters appearing in Eqs. (2)-(4) are the inertia parameter G, the DarcyRayleigh number R, based on the fluid properties, the porosity-scaled conductivity ratio γ, the scaled interphase heat transfer coefficient H, and the diffusivity ratio α r :
Note that R is the Rayleigh number based on the properties of the fluid. Another version of the Rayleigh number has the expression γR (1 + γ), and it is based on the mean properties of the porous medium (see Banu and Rees, 2002; Postelnicu and Rees, 2003; Malashetty et al., 2005a) . The material parameterK is given by Ergun's experimental relatioñ
(see Ergun, 1952) , where L is a characteristic particle or pore diameter and ε is the porosity of the medium. According to the same reference, the permeability of the porous medium K can be calculated with the formula
Other quantities are defined in the Nomenclature. A final remark here is about the phase temperatures at the bounding surface. We shall take them to be equal, in-line with Banu and Rees (2002) , who invoked the difficulty of appropriate boundary conditions for fluid and solid phase temperatures.
Two-Dimensional Case
Introducing the stream function in the usual manner, u = ∂ψ/∂y, v = −∂ψ/∂x, the governing Eqs. (1)- (4) 
where q is given by
The basic flow whose stability is studied in this article is
where Q is the flow rate. The horizontal pressure gradient is −Q (1 + G |Q|), and it drives the uniform horizontal flow described by Eq. (14) (see Rees, 1997) . Expressing
where Ψ, Θ, and Φ are perturbed quantities (assumed to be small, Ψ, Θ, Φ 1), we readily obtain the linearized equations
subject to the boundary conditions
Looking for solutions in the form
we find for neutral state (corresponding to λ = 0) that the critical Rayleigh number is
For H = 0, we retrieve Eq. (13) from Rees (1997) . Furthermore, we minimize R over k, which is a lengthy algebraic task, and to save space, we skip the details here. From Eq. (20), one can remark that the parameters of the two-dimensional problem are G * = G|Q| (modified inertia parameter), γ, and H.
Three-Dimensional Case
Now the basic state is given by
Linearized equations of perturbations are obtained as
Equations (22)- (25) 
where α is the angle of roll inclination with respect to the direction of mean flow. Seeking again for neutral stability (λ = 0), the critical Rayleigh number is obtained as
To check our derivation, we remark that when H = 0, we obtain from Eq. (27) precisely the expression (20) given by Rees (1997) . Now, with the aim of minimizing R over k, we remark that Eq. (27) can be cast in the form
where a 0 , ..., a 3 are k-independent quantities, and now the procedure of minimization is straightforward. The parameters of the problem for the three-dimensional case are G * = G|Q|, γ, H, and α. We remark to this end that α = 0 • means longitudinal rolls, α = 90
• means transversal rolls, and any value of α between 0 • and 90
• corresponds to oblique rolls.
RESULTS AND DISCUSSION
In Table 1 are listed the values of the critical Rayleigh number, in the two-dimensional case, for G * = (0, 1, 5, 10, 50), H = (0.1, 1, 10, 100, 1000), and γ = (0.01, 0.1, 1, 10, 100). It is well known that small values of γ mean that the heat is transported primarily through the fluid phase, while large values of γ have the significance that heat is transported through both the solid and fluid phases. The parameter H measures the degree of easiness by which heat is transported between solid and fluid phases. It is very clear that when γ and G * are held constant, the critical Rayleigh number increases with H, very abruptly when H > 100. If one looks for the maximum R c in Table 1 , one finds R c = 88426.757, which corresponds to γ = 0.01, H = 1000, and G * = 50.
Figures 1 and 2 refer to the two-dimensional case, depicting the critical wave number and Rayleigh number versus log 10 H for G * = 0 (no inertia) and G * = 5 (inertia present) and a range of values of the porosity-scaled conductivity ratio. A representative plot describing the variation of the critical Rayleigh number with G * for various values of H is depicted in Fig. 3 for γ = 1. One can remark that R c rises linearly with G * , a conclusion reported also in the absence of thermal nonequilibrium conditions by Rees (1997 Banu and Rees (2002) . (2) at fixed H, the critical Rayleigh number is practically insensitive to the variation of γ in the range between 0.1 and 1.
CONCLUSIONS
The combined effects of inertia and LTNE on the onset of mixed convection in a horizontal fluid saturated isotropic porous layer heated from below and cooled from above are analyzed in the present article.
• Detailed numerical solutions are obtained for the critical wave number and Rayleigh number in both the two-dimensional case as functions of G * , H, and γ and the three-dimensional case as functions of G * , H, γ, and α. These parameters have significant effects on the conditions under which convection takes place.
• As in Banu and Rees (2002) , Postelnicu and Rees (2003) , and Malashetty et al. (2005b) , our • study reveals that LTNE is recovered in the large H limit.
• In two dimensions, the effect of increasing G * is to reduce the maximum value of k c but to linearly increase R c , and thus the system is made more stable. Maximum values of R c are obtained for high G * , high H, and small γ.
• In three dimensions, the effect of the orientation of rolls is the same for any triad (H, γ, and G * ): R c and k c decrease when α increases, which means a destabilizing effect on the thermal behavior of the porous layer.
